In this research work, our aim is to determine the contiguous function relations for -hypergeometric functions with one parameter corresponding to Gauss fifteen contiguous function relations for hypergeometric functions and also obtain contiguous function relations for two parameters. Throughout in this research paper, we find out the contiguous function relations for both the cases in terms of a new parameter > 0. Obviously if → 1, then the contiguous function relations for -hypergeometric functions are Gauss contiguous function relations.
Introduction
The hypergeometric function 2 1 ( , ; ; ) plays an important role in mathematical analysis and its applications. This function allows us to solve many interesting problems, such as conformal mapping of triangular domains bounded by line segments or circular arcs and various problems of quantum mechanics. Most of the functions that occur in the analysis are special cases of the hypergeometric functions. Gauss first introduced and studied hypergeometric series, paying special attention to the cases when a series can be summed into an elementary function. This gives one of the motivations for studying hypergeometric series; that is, the fact that the elementary functions and several other important functions in mathematics can be expressed in terms of hypergeometric functions. Hypergeometric functions can also be described as solutions of special second order linear differential equations, the hypergeometric differential equations. Riemann was the first to exploit this idea and introduce a special symbol to classify hypergeometric functions by singularities and exponents of differential equations. The hypergeometric function is a solution of the following Euler's hypergeometric differential equation On the other hand, in theory of hypergeometric function, the terminology contiguous function was introduced for the case in which one of the parameters is shifted by ±1. For example, ( +1, ; ; ) is contiguous to ( , ; ; ). Gauss defined two hypergeometric functions to be contiguous if they have the same power series variable and if two of the parameters are pairwise equal and if third pair differs by ±1. He proved that between 2 1 ( , ; ; ) and any two of its contiguous functions, there exists a linear relation with coefficients at most linear in . These relationships are of great use in extending numerical tables of the function, since, for one fixed value of , it is necessary only to calculate the value of the function over two units in , , and , and apply some recurrence relations in order to find the function values over a large range of values of , , and in this particular -plane. Since there are six contiguous functions to a given function 2 1 , Gauss [1] got a total of fifteen relations. In fact, only four of the fifteen are really independent as all others may be obtained by elimination and use of the fact that the 2 1 is symmetric in and .
Applications of the contiguous function relations range from the evaluation of hypergeometric series to the derivation of the summation and transformation formulas for such series; these can be used to evaluate the contiguous functions to a hypergeometric function. For this, in a series of three research papers, Lavoie et al. [2, 3] have obtained a large number of very interesting results contiguous to Gauss second, Kummer, and Bailey theorems for the series 2 1 . For more details about hypergeometric series and their contiguous relations, see [4] [5] [6] [7] [8] [9] [10] .
ISRN Mathematical Analysis
In 1996, Morita [11] used Gauss contiguous relations in computing the hypergeometric function 2 1 [ + 1/2, + 1/2; ; ]. In 1996, Gupta et al. [12] derived contiguous relations, basic hypergeometric functions, and orthogonal polynomials. In 2002, Vidunas [13] generalized the Kummer identity by using the contiguous relations. In 2003, Vidunas [14] defined several properties of coefficients of these general contiguous relations and then used them to propose effective ways to compute contiguous relations. In 2006, Rakha and Ibrahim [15] obtained some interesting consequences of the contiguous relations of 2 1 . In 2008, Ibrahim and Rakha [16] derived the contiguous relations and their computations for 2 1 hypergeometric series. They obtained the interesting formula as a linear relation of three shifted Gauss polynomials in the parameters , , and .
Díaz et al. [17] [18] [19] introduced -gamma and -beta functions ( > 0) and proved a number of their properties. They have also studied -zeta functions and -hypergeometric functions based on Pochhammer -symbols for factorial functions. Very recently, many researchers [20] [21] [22] [23] followed the work of Díaz et al., they studied and obtained some consequence results of -beta, -gamma, -zeta, and -hypergeometric functions and their properties. In 2009, Mansour [24] obtained the -generalized gamma function Γ ( ) by functional equations. In 2012, Mubeen and Habibullah [25] defined -fractional integration and gave its applications regarding fractional integrals. In 2012, Mubeen and Habibullah [26] also gave a useful and simple integral representation of some confluent -hypergeometric functions 1 1, and -hypergeometric functions 2 
Basic Concepts
In this section, we present the definitions of some basic concepts in the term of new parameter > 0. Definition 3. For > 0 and ∈ C, the -gamma function Γ is defined by
Its integral representation is also given by
The relation between Pochhammer -symbol and -gamma function is given as follows:
Furthermore, we can write -gamma function in terms of ordinary gamma function in the following form:
Definition 4. The -hypergeometric function with three parameters , , and , two parameters , in numerator and one parameter in denominator is defined by
for all , , ∈ C, ̸ = 0, −1, −2, −3, . . ., | | < 1, and > 0.
Contiguous Functions for -Hypergeometric Function with One Parameter
If we increase or decrease one and only one of the parameters of -hypergeometric function,
by ± , then the resultant function is said to be contiguous to 2 1, . For simplicity, we use the following notations:
Similarly, we can write the notations for ( +), ( −), ( +), and ( −). Let
Then, (7) becomes
Now, consider (8) as
Since ( + ) , = ( ) , ( + ), therefore, by using this result in (12), we obtain
Similarly, we can write (9) by using the result ( +( −1) )( − ) , = ( − )( ) , as
Thus we have the following six contiguous functions for 2 1, , where > 0:
,
By the help of differential operator = ( / ), we get the following result:
Hence, with the aid of (12), it follows that
Similarly, we can also write the following relations as
Contiguous Relations for -Hypergeometric Function
Since there are six contiguous functions to a given function Relation 1. Consider
Proof. By subtracting (18) from (17), we get
This implies the required relation.
Relation 2. Consider
Proof. By subtracting (19) from (17), we obtain
Relation 3. Consider
Proof. Let us consider
By the help of differential operator = ( / ), we get the following:
By shifting the index with + 1, we get
Since ( ) +1, = ( ) , ( + ), ( ) +1, = ( ) , ( + ), and ( ) +1, = ( ) , ( + ), therefore, by putting these three results in (27) , we have
Since ( + )( + )/( + ) = + ( + − ) + ( − )( − )/( + ), by substituting this result in (28), we obtain
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This implies that
Now, from (17), we have
By comparing these two equations, (30) and (31), we get
Relation 4. Consider
By applying the differential operator = ( / ), we get
By shifting the index with + 1, we can write
Since ( − ) +1, = ( − )( ) , , ( ) +1, = ( + )( ) , , and ( ) +1, = ( + )( ) , , by substituting these three results in (36), we obtain the following:
Now, by replacing with − in (17), we get
By comparing (38) and (39), we get
Now, we obtain the remaining contiguous function relations by elimination and use of the fact that the 2 1, is symmetric in and , for > 0. 
Relation 15. Consider
Contiguous Functions for -Hypergeometric Function with Two Parameters
In this section, we obtain contiguous functions for -hypergeometric function with two parameters. Since we know
where , = ( ) , ( ) , /( ) , !, therefore, by using these contiguous functions, we obtain the following contiguous function with two parameters ( +, +) = ( + , + ; ; )
Similarly, we can write
Now, we have to prove the following contiguous relations.
Relation 16. It show that
Proof. One has to prove that
From Relations 4 and 5, respectively, we have
Therefore, by substituting the values of ( −) and ( −) in (55), we get 
After simplification, we get the required relation. Consider 
Conclusion
In this research work, we determined the contiguous function relations for -hypergeometric function with one and two parameters. So we conclude that if → 1, we obtain Gauss and Rainville contiguous function relations for hypergeometric functions.
